Robust Consensus Design of uncertain Multi
Agent Systems with bounded gains and
incremental nonlinear interactions
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Abstract— This paper presents design conditions to ad-
dress the robust leader-follower consensus problem in un-
certain Multi-Agent Systems (MASs) with bounded gains
and nonlinear interactions. The gains are restricted to an
interval of values determined by either parameter uncer-
tainties or the constraints of the agents, inherent in an
industrial setting. Additionally, we model the unavoidable
nonlinear uncertainties in MAS and its communication ar-
chitecture using incremental sector-bounded time-varying
nonlinear functions, which are particularly well-suited for
relative state information-based cooperative protocols. By
leveraging Lyapunov stability theory and the Linear Matrix
Inequality (LMI) technique, we establish LMI conditions for
the distributed design of control gains for both leader and
followers. The proposed LMIs exhibit scalability, as they
remain independent of the number of nodes and do not ne-
cessitate global information regarding the Laplacian eigen-
values, making them well-suited for the design of industrial
large-scale MASs. Finally, we numerically and experimen-
tally validate the proposed design approach for paradig-
matic scenarios: industrial warehouse inventory manage-
ment systems and leader-follower algorithm for smart grid
and decision-making management applications.

keyword Distributed design, uncertainties, constraints,
cyber-physical systems, industrial applications, multi agent
systems, LMIs, leader-follower consensus.

. INTRODUCTION

Many industrial and civil cyber-physical systems of practical
interest can be modeled as networks and/or Multi Agent
Systems (MASs). For such systems, distributed strategies have
been proposed to solve agreement problems (i.e. consen-
sus/synchronization) when the control is applied to network
nodes (leaderless consensus) and/or to a small fraction of
agents (leader follower consensus or pinning control, see
i.e [1], [2] and references therein). Many works extend the
solution of consensus problems to the uncertain MAS sce-
narios where the system at node presents nonlinear or Lure-
like uncertainty (see i.e. [3]-[6] and references therein). The
consensus problem can be rephrased as stabilization problem
of the system error between the state variable of interest and
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the agreement equilibrium in order to provide LMI conditions
for closed loop network stabilization ( [4], [7], [8] [9]-
[12], just to cite a few). In [7] authors propose an approach
to analyze and design distributed robust consensus control
algorithms for MASs subject to relative state constraints, mod-
eled by Lure-like sector-bounded functions. Other approaches
provided conditions that require network global information
related to the graph Laplacian matrix ( [4], [12], [13]) or that
could be difficult to test [8].

Recently a class of Lure-like nonlinearity has been consid-
ered, named incremental nonlinear sector bounded ( [14],
[15]), more natural in the context of agreement problems
characterized by relative state information-based protocols. In
[14] incremental nonlinearities are considered at node and
sufficient LMI conditions, independent from the number of
agents, are formulated to assess synchronization of undirected
networks. One drawback is that they depend on the smallest
nonzero and largest Laplacian eigenvalues thus requiring a
priori knowledge of the network graph. The framework is
extended to direct strongly connected networks in the presence
of disturbance in [15]. Therein LMI conditions are proposed
for global consensus with the protocol gain depending on
the graph algebraic connectivity, which might not be easy
to compute. To overcome the above Laplacian-based strate-
gies that require the knowledge of global information about
the Laplacian matrix, adaptive laws for gains or coupling
strengths, say c;, adjustment can be devised when c¢; are free
parameters to be designed (i.e. [16], [9], [11], [17]).

In many real industrial and civil MAS applications the
system at node, the gains and the information propagated
through the protocol could be subject to given uncertainties,
for instance due to distortion of communication channels,
model system and actuator parameter mismatches, spread out
of agents’ uncertainties to their own neighbors through the
interaction protocol ( [17], [18], [7], [4], [19]). In addition, the
coupling strengths could be intrinsically heterogeneous (i.e.
due to different sizes of the systems), lower and upper bounded
to account for some agent constraints [20] (i.e. for mobile
robots, due to minimal inertia and boundedness of control
inputs). This restricts the coupling strengths to specified values
within a given interval. In such scenarios, ¢; are no longer
free parameters to be used for the above Laplacian-based
strategies where the tuning of ¢; is carried out accounting
for global information about the network graph. Similarly,
the cited adaptive coupling strengths schemes are not easy



to apply because they are not originally designed to account
for ¢; restricted to a given bounded interval: for instance the
final value of ¢; cannot be determined a priori to belong to a
specific constrained, bounded interval.

In this respect, the paper’s contributions are:

1) differently from the above frameworks considered in the

literature, herein we deal with uncertain multi-agent systems
simultaneously characterized by i) bounded gains and non-
linear uncertainties in the agent and information propagated
through the consensus protocol. Specifically, the gains c; are
restricted to a given interval of values because either they are
subject to bounded uncertainties or they have to cope with
specific agent’s constraint (i.e. actuator or input saturation).
In such scenarios the gains are no longer free parameters and
are restricted to a given bound, therefore Laplacian-depending
conditions and adaptive strategies cannot be easily applied.
The nonlinear uncertainties of MAS and its communication
architecture affecting the protocol are modelled by incremental
time-varying nonlinear uncertainties;
2) LMI design conditions are formulated to design in a
distributed way the free (Leader and followers) protocol gains
in order to assess the robust leader-follower consensus. The
solution to LMIs is distributed and does not require global
information about the Laplacian eigenvalues. It relies only on
extremal values related to the degrees and coupling strengths,
such as maximum and minimum values, that are more easily
determined or estimated in a distributed manner. The proposed
LMI conditions are low computationally demanding as their
number and size are independent on the network size. This
makes them scalable and suitable also for large scale industrial
and civil MASs. Differently than passivity based approaches,
there is no assumption about the passivity of an isolated node
or the network topological symmetry (e.g. the graph can be
directed). The rest of paper is outlined as follows. In Sec. II
the notation and problem statement are introduced. In Sec. III
LMI conditions for robust leader follower consensus design
are formulated. Finally application of the design conditions to
two representative industrial scenarios is shown in Sec. IV,
while conclusions are outlined in Sec. V.

II. NOTATION AND PROBLEM STATEMENT

Throughout the paper R™ denotes the n dimensional space
with real coordinates and C~ stands for the complex set with
nonpositive real parts. All column vectors x are assumed to be
real with z; being the i-component. (-)7, |(-)| and ||(-)|| denote
the transpose, the absolute value and the euclidean norm of z,
respectively. We use upper letter to denote matrix and write
I (resp. 0) for the identity (resp. null) matrix of opportune
dimensions. ||M]|| is the induced 2-norm of a matrix M €
R™*™_ A square real symmetric matrix A is definite positive
(negative) if 7 Az > 0 (z7 Az < 0) for all non-zero vectors
x € R™. The notation A > B (<) means A — B is positive
(negative) semidefinite matrix. Let a real square matrix A,
A% = A+ AT denotes the double of the symmetric part of
A. A\ (A) denotes the eigenvalue of a matrix A with largest
real part. For a finite set V, |V| denotes the cardinality of V.
Let G(V, E, A%) be a directed graph (digraph) with the set of

nodes V = {1, ..., N}, set of edges E C V x V. The network
adjacency matrix is denoted by A? = [a?j] with element afj =
1 if there is an edge from vertex j (node parent) into vertex &
(node child), and afj = 0 otherwise. The Laplacian L is the
matrix of elements /;; so that [;; = Z;V:L#i afj fori =3
and [;; = —af-lj for i # j. Clearly L is a zero row sums matrix
with non-positive off-diagonal elements. Herein we consider
that two nodes ¢ and j are connected if there exists a (directed
or undirected) link connecting them, namely af; +a¢; > 0 and
we define the set of nodes connected to node 7 as D{ = {j €
V: ag'lj —&—a;-li > 0}. The connectivity degree of node i is defined
as d; = | D¢|. The set of in-neighbors of the i-th node is defined
asNi={jeV: af.lj > 0}, with connectivity in-degree d! =
INi|. A graph G is called undirected if whenever (n;,n;) € E,
(nj,n;) € E as well. A digraph G is quasi-strongly connected
if there exists a node (root) from which any other node is
reachable. G has a spanning tree if there exists a spanning tree
that is a subgraph of G. Notice that the condition that G has
a spanning tree is equivalent to quasi-strongly connectedness.
Throughout the paper we consider digraphs with no self-loops
or multiple edges. Let the following model of direct MAS
composed of IV dynamical followers and one leader:

i(t) = Azi(t) + Bua(t) (1)
to(t) = Azo(t) 2

with z; € R" and u; € R, ¢ =0,..., N (0 denotes the leader
agent), are the state and the manipulable control input of the
i-th follower, respectively. All matrices and parameters are
real. Let the network (1), to solve leader-follower consensus
problems means to design protocols to asymptotically control
the network’ followers to reference leader trajectory xo(t). In
order to ensure a finite consensus state are made the standard
assumptions:

[A1] The matrix pair (A, B) is stabilizable;

[A2] The digraph contains a direct spanning tree with leader
as root;

[A3] A\, (A) eC.

The well known standard protocol is considered:

U; = —CiK ia% [l‘i(t) — Jij(t)} — 5iC,’KL[1‘i(t) — Io(t)],

where K and K are the protocol gains to be designed, ¢; > 0
is the node coupling strength between the i-th node and its
neighbors. The protocol is distributed as each agent i-th just
needs of information received from d! in-neighbor agents and
possibly from the leader (if §; = 1). However, the standard
protocol may no longer hold, as the information generated,
exchanged, or received by the agents may be affected by
the inherent uncertainties in both the agents and commu-
nication channels. These uncertainties capture the intrinsic
nonlinearity of agents and variations in signals that occur
during data transmission. The latter are caused by factors such
as fading, interference, Bit Error Rate, quantization errors,
and distortions in terms of amplitude, frequency, and phase,
as well as nonlinear behavior in situations with high signal
power [21], [22] (i.e. long distance communication as V2V
protocols for autonomous driving). Such features, assumed not
known exactly, can be well represented by Lure-like, static-
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nonlinear, time-varying, piecewise continuous in ¢ function:
o(t,z) : [0,400] x R* — R" satisfying locally ¥V ¢ > 0,
z1,x2 € U C R™ (or globally on all R™) the incremental
sector bounded type condition [14], [15]:

(21— 22— b(z1 () —22(t))][21 — 22 —a(z1(t) —22(t))] <0 (3)

with b > a > 0, 21 = ¢(t, 21(t)), 22 = ¢(t, z2(t)). Therefore,
the protocol for each follower ¢ becomes:

N
wi ==K Y al(p(tai() ~ d(ta; (1) @)
j=1

- 5iCiKL[¢(t7 Iz(t)) - ¢(t» Io(t))]-

One of the advantages in using (3) lies in the fact that it
is not required knowledge of the exact function value of
¢, but only rely on bounding the function within a certain
range or sector of uncertainties (defined by the parameters a
and b). This offers a pragmatic approach by allowing control
engineers to work with bounded regions of system behavior
rather than requiring an in-depth understanding of the exact
functional form ¢. In addition, the “incremental” feature of the
considered sector-bounded functions is particularly suitable for
MAS distributed industrial applications where the error in the
state between two agents increases with the difference in their
state values. This concept applies, for instance, to scenarios
like sensor networks, multiple robots, autonomous networks,
swarms of drones and autonomous vehicles, where the error
increases as the difference in relative position and/or velocity
state becomes larger, also due to the disruption caused by the
nonideal channels. Therefore the function ¢ accounts for the
overall uncertainty that affects the information both generated
by a node i-th (e.g. ¢(t,x;)) and propagated through the
protocol (4) (e.g. #(t, x;)). In this respect ¢ encompasses both
time-varying nonlinear uncertainties due to the intrinsic node
nonlinearity and disruptions of communication channels.

Moreover, differently most of frameworks considered in the
literature, the coupling strength c; are heterogeneous and
restricted to belong a given range of values. Such bound
of values of ¢; could reflect nodes parameter mismatch,
uncertainties and heterogeneity, uncertainties in the designed
protocol gains K* and K due to actuators and protocol
implementation in real industrial scenarios, constraints due to
physical characteristics of the agent and actuators (i.e. inertia,

input saturation). Under this scenario of uncertain MASs, the
aim is to solve the leader-followers design problem. For sake
of presentation, when no confusion arises, we will omit the
explicit dependence of ¢ and x on t. We need to give and
recall the following definitions and preliminary results.

Definition 1 (Robust leader follower consensus): The
Lure-like uncertain MAS described by (1)-(2)-(4) with
bounded heterogeneous coupling strengths ¢;, achieves global
(resp. local) robust leader follower consensus if the followers’
state exponentially converges to the leader trajectory in
the presence of uncertainties in (4), globally (resp. locally)
fulfilling condition (3).

Problem 2 (Problem Design): Let the MAS described by
(1)-(2)-(4) with incremental nonlinear uncertainties (3) in the
protocol (4) and bounded heterogeneous coupling strengths
¢;, design the control gain K and K’ such that the network
achieves robust leader-follower consensus.

Lemma 3: ( [23]) The Linear Matrix Inequality (LMI):

{Q(m) S(x)
§T(x) R(z)

where Q(z) = QT (x), R(z) = RT(x) is an invertible matrix
and S(z) depend affinely on z, is equivalent to the following
condition: R(z) < 0,Q(z) — S(x)R(x)~1ST(x) < 0.

Observation 4: ( [24]) Let a square negative definite matrix
T € R™ ", then NTTN is negative semidefinite for any
matrix N € R™"*™,

Observation 5: ( [24]) Given two vectors u,v € R™ and
a matrix W € R™*™, from linear algebra for any ¢ > 0 it

1
results: 20T W7y < cuT WIWu + =0T w.
g

| <o

[1I. DESIGN CONDITIONS FOR ROBUST
LEADER-FOLLOWER CONSENSUS

Herein we deal with Problem 2 and formulate LMI design
conditions to achieve robust leader follower consensus. In the
following it is assumed w.l.o.g. that the first 1 < [ < N
nodes are pinned (or connected to the leader), namely 6; = 1,
i=1,..,land §; =0,i=1+1,..., N and we will define the
set of pinned and unpinned nodes as: D, = {1,2...,{} and
D, ={l+1,2,..., N}. Moreover for the sake of presentation
we introduce notations about connectivity degree among the
unpinned and pinned nodes (resp. maximum and minimum)
values: di* = |{j € D, : af; 4+ a%; > 0}| for a fixed i € D,



(d :— max; di*, d%* := min; d{"); d¥’ = |{j € D,
ag; + af; > 0}| for a fixed i 6 Dp, (dﬁg = max; d¥, dPP .=
mmldpp) d’ = {j GDP ag; + af; > 0}| for a fixed i € V
(dh, = max; d¥, db, = mml d“); d = |N;|, for a fixed
i€ D, (diy = maxidﬁu); d;? = |N;|, for a fixed i € D,
(dy; = max;d); dyy = max;d;; ey = max; ¢;. For the
uncommon scenario of single pinned (resp. unpinned) node,
the parameters dP?, d?2, d' and d¥, (resp. d“*, dy¥, di% and
d't,) are conventionally assumed equal to 1. In Table I the main
parameters used throughout the manuscript are summarised.

In the following, we will present a result addressing the
design of K and K to robustly stabilize the uncertain MAS.

Theorem 6: Let the closed loop MAS (1)-(2)-(4) and posi-
tive scalar r, if there exist positive constants 7 and -y, matrices
S, T and H = HT > 0 solutions to the following LMIs:

MP* <0 5)
M <0 (6)
(BS)* >0 ™)
(BT) >0 ®)

T
[ sr ] >0 ©

with MP" and M"* defined in box (*) and all other terms in
Table I, then the MAS achieves global (resp. local) robust
exponential leader-follower consensus for all nodes initial
conditions belong to R™ (resp. U) if the condition (3) is
global (resp. local). The robust global (local) leader-following
consensus is achieved with a rate proportional to r and the
control gains are designed as: K* = SH~! and K = TH~".

Proof: We recast the leader-follower consensus problem
in terms of stabilization problem by introducing the agreement
error ¢;(t) = x;(t) — wo(t). Being 321, 1i;¢(wo(t)) = 0, the
equation describing the closed-loop network dynamics under
protocol (4) becomes:

éi(t) = Ae;(t) — ¢;BK Z lij (¢ — ¢(x0))

JEN; (10)
_5ZCZBKL(¢($Z)_¢(:I;0))7 i= 17257N

The candidate Lyapunov function £ = Zf\; LeFH e, for

system (10) is considered, with H symmetric definite positive
matrix of opportune dimensions. Then it results:

LArL=" el (ATH + H'A) e

T
- XLy dici(@(wi) = é(wo)) T (BKE)" H e
N N _

=2 (aBE X 1(0(2) - 6(a0)) H e

- X el H B (6(2) = 6(20))

— Dz Ci€ TH 1BKZ]‘:1 Lij(¢(z5) — d(z0))
+ TZZ 1 7

In order to make the LMI linear with respect variables
depending on control gains K and K, we firstly recast the
above derivation as:

LarL=SN elH ' (HAT + AH)H

- (o) - e (BEY) 1
— S (aBKH SN 1y H (6() — 6(x0))) H e
— YLy diciel H'BKEHH = (¢(x;) — (o))

ZN c;eT H'BKH ZN
+ T’Zz 1 ZTH 'HH!

Let S = KLH, T = KH, the change of variable €; =
H'e;, io = H Y (¢(x;) — p(20)) for any i, and taking into
account the definition of set D,, and D, it results:

L4rL= >iep, € el ((AH)® —l—rH)eZ

—Yiep, & (diciBT + ¢;BS)bio — e pp, bio(dic; BT
+ciBS)Tei+ Y icp, & (AH)® +rH)e;
- ZieD“, dgcié;’r(BT)@o - ZieDu déci#d(BT)Té
T

+ Ziv 1 Ci (Z;V 1 z]BT¢JO) él
+ Ez 1 € z Ci (Zg 1 aszT(b?O)

From definition of D,, D,, Dg,
derivation may be recast as:

LarL= 5 Sienino,. [ (7 (AR’

H=H(¢(x;) — ¢(x0))

di®, di, the above

€Dy 7>1
+rH)E; — dicéT (BT)éi
— ¢;eT(BS)bio —dicidh (BT)TE; — ;% (BS )Téi)

+ %(ej ((AH)* + rH)é; — dic;éT (BT)dj0
— ;T (BS)gs0 —dic; Ty (BT)Te; —cjgzajo(BS)Téjﬂ
+ 2 2jeps (N (ciaf; BT + ¢jafy(BT)") djo+
i€Dp  j>i
% (cja;-liBT—i-ciai (BT ) )
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+ g (éj (AH)* +rH)ET —
d;cjéf(BT)(];JO — d;Cj ~ZﬂO(BT)Téj) ]
+ Z 2_jeD¢ (\ Duj>i (éiT (ciaf; BT + c;af;(BT)") 50
+¢> ( ¢;a, BT + ciad(BT)T) & (D)

Now let s consider the following term in the above deriva-
tion (D1):

> (e
€Dy, jeDY,
j>i

c;ial; BT + c;al;(BT)") ¢jo (11)

+ éjTO (C7 ]zBT+Cl (BT) ) )

Let any 0' >0 and o' - > 0, from Observation 5 the terms
1n (11D may be bounded as:
é; (cla BT +¢j ﬂ(BT) ) ®j0

<Cl zg 1] ( ) (BT)¢J0+CZ ZJ2 1 eTez
U T(BT) (BT)el+CJ j12g2 (bjO(bJO

L_] 1 LJ ~T ~
< ¢;al i 'ygzb qﬁjo—i—cz zngle ez—l—cj G5 V€ €

+ c]a?l %% quoqb]o, where the last 1nequa11ty follows
from LMI’ (9). Therefore (11) can be bounded as:
> Yseps, (€ (cial BT + cjad (BT)T) 0

+CJ Ji

€D, Jj>i
+ gZ)JO (cjaﬂBTJr ca (BT) ) )
S Z ZjeDf, (Ciaijaij7¢jo¢j0 + ciafj%é;ﬁéi

i€Dp  j>i
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d 2, Tz d 17T 7 \ _
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i€D, J
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€Dy J
withnl— —|—ay,ng—afy—l—az,cM—maxch,dM—

max; d?, dy; = max; d;. The last inequalities follow from the
semi-definite positiveness of é; ¢; and qngOéjo, considering that
maxX;ep, d; < dp; and assuming, for the sake of simplicity,
the arbitrary constants o;; = o',07; = ¢ for all 4, j. A similar
conclusion can be derived for the last double sum term in
derivation (D1):

Z 2_jeDE A D, ( (ciad; BT + c;a%;,(BT)T) ¢50

j>i
+¢]0 (e ﬂBT—i—cz L(BT)T) T )

< Y emd™ (L +o%y)éle;
=)
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JED,,
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Exploiting bounds (12) and (13) in derivation (D) it results:
LHrLS S Siepinn,, [ (7 (AH)* +rH)E
ic §>i :

g

—dic; 6 (BT)Te; )|
+difenm Y & e+ diferne Y dlodio =

i€D. j€D.
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—dic; 0% (BT)Te; + (df, + “”)cm%@o)} (2)
Let &; = [6F  o&)T, &ij = [&] :fj |7, the double sum term

(S1) in the above derivation may be recast as the quadratic

form: 3 > JEZ;MZ“:E” where M is defined
€Dy jED () Dp,j>1

by (**) (defined on the top of the page). Similar recasting

may be carried out for the double sum term (Sz) with M "

defined by (**). Hence, let £ = £ + rL, it is derived:

~ T pU ~, "’T ~
L< E E M Tij + E E ”M;;uxzy
i€Dp jeDF (N Dy, i€Dy jEDS N Dy,
Jj>i 7>t
(14)

Additionally, conditions (3) applied to ¢;0 = o(t,x;) —

) o(t, o) = @(t, e;+x0)—d(t, 29) may be recast for any ¢ > 0,

_ dﬁcz‘éiT(BT)(Zgio _ CzéiT(BS)q;io i, €5, g as: ae; < ¢;0 < be; ([4], [9], [13]), or equivalently

—d?ciJ)T (BT)Té; — Ci&T (BS)Té; 2[pio — bei]T[ggio — ae;] < 0. The latter is equivalent to re-

- e €i €; . - 2abl —(a+0b)I

+d“’ (Nf(AH) +rH)é; — dic;él (BT)djo — cjél (BS)g;o M [ o | T g | =0 With 2= [ (att)I 20 ]

. s T If the above constraints hold from condition (3), then

*djcj‘bjO(BT) €j Cj¢j0(B 5) 61’)} +dyrepm ie% € €  from Observa}ion 4 and definite positiveness of H~! it re-

oT 7 2 T 7 ! e H! 0 H! 0 e;

—|—dMCM772J§D ®jo®i0 + dyremme jEXD:“ ®joPjo sults: [ 10 } { 0 H-1 }CI){ 0 - } [ b ] <0,

+ Y Sieprao., {duu (?((AH)S Y rH)E, or equivalently: JEZTCI)@ < 0, that in turns implies for all 7, j:
1€D,, j>i

—dic;éT (BT) i — dﬁciqSiTo(BT)Téi)
+ ge (T ((AH)" + rH)E; — dic;el (BT)ds0

i @i <0 (15)

with ® = diag{®, ®} symmetric semidefinite negative block

Definition of Matrices M, M, Ml‘;“ M. Similar definition holds for M}* and M}"
TP — P i — M0 e[ M ] G ertidyeun] gy _SUBDRGBS | (q 4y
o N 0 MP L EnT My || _edBD BT (g 4 b)rT Gucynal _ory
j T
~ AH)*+rH+d}}" I 2id; (BT
Myu — Muw _ T&) _ Mluu NO i — M My _ —( )" a Car CMT 2abrl —% d’l(bu ) +(a+b)7I
g g 0 My [P (Mg)" M3 - ‘lﬁT) + (a+b)7I 7“”+ dif)ennal _orp



matrix of opportune dimension. The exponential convergence
to the consensus equilibrium at rate depending on scalar
r > 0 is guaranteed if L=L+7rL<O. Applying the S-
Procedure ( [23]), the latter inequality is assessed accounting
for constraints (15) by requiring:

- T
L<rd > ag®it+ry D
i€D, jEDS N Dy, i€Dy jEDS N D,
Jj>i j>1i

~T % ~
SCij(I)QSZ‘j,

with 7 > 0 is a scalar variable to be determined. From (14)
and (15) the latter inequality is guaranteed if the following

holds:
> D EMEE 4 Y Y
i€Dy jEDS (M Day,

€Dy jeDS (N Dy,
Jj>i J>i

TMuu:L,” < 0

(16)

where matrices M. 5" and M, ;; are defined on the bottom of the
previous page. The inequality (16) is fulfilled if matrices M pi
and M “* are definite negative for all 4, j. This is equlvalent to
require the definite negativeness of matrices M"", M P M
and MJ““ The aim is to prove that the latter cond1t10n is
guaranteed if LMIs (5) and (6) hold.

Let the sub-matrix M ut of M i;" as defined on the bot-
tom of the _previous page. Firstly observe that (M3 wy=l =
@ I+duu)w,72 —oary I = m3l < 0 is a diagonal matrix
that is definite negatlve from LMI (6). Indeed a necessary
condition for LMI (6) to hold is (dh, +d4#)carne —2d4 T < 0
being dy} > 0. Therefore from 0 < dj* < d¥** it results:
(dﬁ/[—i—d}{ Yenne—2d¥t T < (dh+dY ) eama— 2d“m“7' < 0 that
yields m3 < 0. Hence, from the Schur complement (Lemma
3) the condition Mzi““ < 0 is equivalent to the following:

(Mg) (M)~ (Mg

MSchur :Mluu_ <0

Notice that M = (AH)"trHtdyepml
= 77
2abrl (AH)*4+rH—2abd;" TI+dy;/ caprm 1 <

duu
< 0 where the inequalities
derive from cjfeﬁnlte positiveness of 71, condition LMI
(6), and being di'* < dyf, dp < di*“. Additionally, from
Observation (4) it results: —(M;“)(Mg“)_l(Mgu)T > 0.
Therefore such term may be bounded as:
— (Mg (Mg~ (Mg)T = —d’f“
BT
b)rI)(— “SEI 4 (a4 b)7D)T < |my |( euds(
(a + b)rI(a + b)1I — (a + b1 T)%) <
|m3|(clwd}\:i}u(uBT)T c}V[dgxz(uBT) + (a + b)TI(a + b)T +
(a + b)Tczﬂﬁ}I (BT)S) S |m3| (C]\/[dggu(uBT)T Ckfdézz(l’BT) +
(a + b)rI(a + b7l + (a + b)T“g’u‘fy (BT)%), with
qu
(dqfv}i+dﬁf[’)c1>\/l4n272rd}‘r'b“ .

The derivation follows considering that the terms composing
the last inequality are semidefinite positive from construction
and if LMI (8) holds. Therefore the following bound can be
derived:

(AH)°+rH— 2abd““‘rl+dM ceam

ma|(—

+ (a
cid: (BT) BT)

Ty =

(AH)*+rH—2abd, " TI+dy; cprm I

MSchur >~ duu + |m3| .
(ST et 5T) |y gyt (7)) <

(AH)*+rH—2abdu ' rI+dyt eprm I (_ camdiy (BT)
dyf' _ . dit
N U T
+ (a+b)7I)msl (- 7a1‘4d*g;fﬂ + (a+b)7I)

By the application of Schur complement, the latter term is
negative definite if LMIs (6)-(7)-(8) hold, thus implying the
definite negativeness of matrices Mi““. Similar argumentations
hold for matrices M ¢ thus assessing the definite negativeness
of M “%_ Therefore If LMI (6)-(7)-(8) hold, then M ut < 0 for
all ¢ _] By the same procedure it can be derived that M P <0
if LMI (5)-(7)-(8) hold. From (16) it follows that £ = £ +
7L < 0, namely, the exponential asymptotic stability of the
closed loop system (10) towards the zero equilibrium (e.g.
robust leader-follower consensus of the original MAS). [ ]

Remark 7: Theorem 6 addresses Problem 2 through the
solution of LMIs (5), (6), and (9) that have a size of 2n x 2n,
and LMIs (7) through (8) of size m x m. Importantly, the
number and size of these LMIs do not depend on the network
size N, thus ensuring that the approach is scalable and
well-suited for large-scale MAS applications. Furthermore,
it’s worth noting that these LMIs are distributed in nature,
eliminating the need for global information regarding the
Laplacian eigenvalues. Instead, they rely on features, such as
maximum/minimum degree and coupling strengths, which are
more easily measured or estimated in a distributed manner,
similar to other approaches discussed in the literature i.e. [7]

Remark 8: The stabilizability condition [Al], in conjunc-
tion with the form of the LMIs (5)-(6), make the feasibility of
LMIs suitable. For instance, being (AH)® +rH —2dPPabr I +
dyenm I and (d¥cearne — 2dPPabr)I symmetric matrices,
solvibility of LMI (5) may be obtained by the existence of
sufficiently large 7 > 0 to make the above terms strictly
negative diagonal dominant matrix.

Now we extend the approach to the case where the control
gains K and K and the followers’ manipulable controls wu;
are constrained. Namely, let the positive upper bounds k, kr,
and 4;, @ € V, the following constraints have to be fulfilled;
||K|| < ]23 and ||KL|| < I%L, U; < ﬁi.

We make the following assumption:

Assumption 9: There exists € such that ||z;(t) —x;(t)]| < é
Vi, j,t > 0.

Corollary 10: Let k, kr, and @; represent the given con-
straints on K, K, and wu;, respectively, and let h and r
be positive scalars. If there exist positive constants 7 and ~,
matrices S, 7 and H = HT > 0 solutions to the LMIs (5)-(9)
and to the following:

g 1T H ST T
oo | >0 > 0; hIT T

T 7[ S I H
(17)

then the closed loop MAS (1)-(2)-(4) achieves global (resp.
local) robust exponential leader-follower consensus with a rate
proportional to 7, for all nodes initial conditions belong to R"
(resp. U) if the condition (3) is global (resp. local). The control
gains are designed as K = SH~1! and K = TH~" and fulfill
the given constraints In addition if Assumption 9 holds and
c; < ——— for all ¢ € V, then it results: u; < u;.
be(d; k+k L)

Proof: If the first LMI of (17) holds, by Lemma 3 it

results: H — il hT > (0 and hence I}; /Ih( < H~'. If the last




LMI of (17) holds, it results: H~* < hI. By application of
the S-procedure Ik(:/]h( < hl, yielding: || K| < k. A similar
procedure yields to ||K | < k7. In addition by condition (3)
and Assumption 9 it results: ||¢(t, z;) — o(t, ;)| < bz —
xj]| < bé for all 4,j. Hence by protocol (4) we may infer:
required input constraints ;|| < @; are fulfilled if it results:

. ~Lo— Us y
¢ < ¢ = I ASE Vi, and the result follows. [ |

IV. PARADIGMATIC INDUSTRIAL APPLICATIONS

In the following we will validate the proposed approach to
paradigmatic industrial applications. LMIs are solved by the
LMI-Matlab toolbox.

1) Numerical validation of a Warehouse Inventory Manage-
ment application: Drones are increasing warehouse inventory
management automation, efficiency, and accuracy by providing
functions such as inventory tracking and stock replenishment.
We consider a swarm of N = 6 robots implementing ware-
house inventory operations. Each drone is represented by a
double-integrator model for each coordinate in the space by
using a feedback linearization (see i.e. [25] and references
therein): A = [0 1;0 0|® I3, B = [0 1]T ® I3, x; =
[pF' oIT with p; € R3 and v; € R? representing position
and velocity in the space, respectively. The leader dynamic
is d0(t) = Axo(t) with 2o(0) = [0 0 0 10 10 10]"
while z,;(0), ¢ = 1,...,6 are randomly selected. The com-
munication network is direct, with two robots connected to
the leader. Both the communications and position/velocity
sensors are affected by uncertainties represented by the form
o(t,x;) = x;(1.5 — 0.5¢co0s(t)), « = 1,...,6 and bounded
according the condition (3) with a = 1 and b = 2.

Moreover, a realistic scenario involves drones of different
masses, with some capable of carrying heavier loads and
others suited for lighter items, enabling efficiency handling
of diverse inventory items. In addition, drones have different
gains representing varying levels of agility and responsiveness.
Finally, imposing input control constraints on drones enhances
safety, efficiency, and performance, while also compliance
with regulations and promoting seamless integration with
human operators.

Therefore each robot i-th is affected by uncertain mass
[26], denoted as m; € [ri;,7;]. These uncertainties can be
represented as uncertainties in the corresponding equivalent
coupling gains ¢; =
Additionally, each robot must satisfy input constraints ;,
implying upper bounds as derived from Corollary 10: ¢ <
¢ = m Therefore, the bounds of the equivalent
gains ¢; can be determined based on mass uncertainty and
input constraint as ¢; € [Ti— ] with ¢; > 0 such that C‘ - <
¢;. In the considered example let 4; € [6,12], i = 1,...,6,
b=y =04 a=1b=2r=00Lh=10 =2
o9 = 0.5, parameters in Table I for the considered topology,
and all bounds of ¢; falling within the interval [0.05, 1.5], the
solution of LMIs (5)-(9) and (17) with respect to v, 7, S
and T yields the design of K* = SH~! and K = TH™L.
At the bottom of Fig. 1, the dynamic evolution of the leader
tracking error norm ||e;|| for the robot-followers is depicted,

N

0 100 200 300 400 500 600 700

0 100 200 300 t 400 500 600 700

Fig. 1. Bottom: leader tracking error norm ||e;||, ¢ = 1,...,6; Top:
followers’ control input norm ||u;||, ¢ = 1,...,86, (continuous lines)
and the maximum constraint value max; @; = 12 (dashed-dot line)

Fig. 2. Top and Left: wireless sensor nodes and experimental set-up;
Bottom-right: dynamic evolution of followers’ states «;, ¢ = 1,...,5
(continues lines) and leader reference zo = 25 (dashed line)

showing robust tracking of the leader’s reference trajectory.
Meanwhile, the input constraints are satisfied (top of Fig. 1),
despite uncertainties in gains and the protocol.

2) Experimental validation of a robust distributed algorithm
for power grid and decision-making management: Now we
experimentally implement a leader-follower consensus-based
algorithm, widely used in both power grid management (i.e.,
[27], [28]) and decision-making for IoT networks [29]. In the
first case, the distributed secondary control (DSC) scheme
is devised by exchanging information among neighboring
Distributed Energy Resources (DERs), to update the nominal
voltage and frequency in each primary level control process
and further restore the terminal voltage and frequency outputs
to their reference values [27], [28]. This is distributively
implemented by a leader-follower consensus-based algorithm
over a cyber-network where the leader provides the reference
value for controllers, and all DERs agree with it.

Similarly, the use of a consensus-based algorithm over a
cyber-network is considered in decision-making at IoT edge
nodes in service-oriented applications to increase confidence
in the measurement data. Moreover, the algorithm can sup-
port decision-making in knowledge sharing and integration of
multiple services [29]. In the above applications the leader-
follower consensus algorithm is distributively carried out over
a cyber-network, implemented by a wireless network. In this
respect we experimentally validate the proposed approach by
designing a robust leader-follower algorithm (4) implemented



over a small cyber network composed of 5 off-the shelf
wireless sensor nodes (see i.e. top and left section of Fig.
2). The node gains are heterogeneous and uncertain with ¢; €
[2, 4]. Furthermore, we account for the presence of wireless
sensor communication and model/measurement uncertainties
as represented in the form of ¢, bounded by a sector and
fulfilling (3) with a = 1, b = 3 (e.g. ¢(z;) = 2x; + sin(x;)).
A ring topology is implemented with a leader reference value
zog = 25. Let r = 0.05, 01 = 2, 092 = 0.5, the solutions of
LMIs yield: K = 0.34, K = 0.2. At the bottom-right of Fig.
2, the dynamic evolution of followers (continuous line) and
leader (dashed-line) reference states shows the achievement
of robust leader follower consensus in real experiment, despite
the presence of uncertainties.

V. CONCLUSIONS

The paper presents LMI conditions for the distributed design
of the leader-follower consensus protocol for uncertain Multi-
Agent Systems (MASs). Such a framework involves bounded
heterogeneous gains (due to uncertainties or input constraints)
and communication disruptions, the latter represented by in-
cremental sector-bounded functions. The proposed LMIs are
distributed, scalable and computationally efficient, as they do
not depend on the number of nodes. Consequently, they are
well-suited for handling large-scale industrial and civil MAS
applications. The proposed design approach is numerically and
experimentally validated in illustrative industrial scenarios.
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